A minimal permanent-like function  by Pye, W.C. & Jeter, Melvyn W.
A Minimal Permanent-like Function 
W. C. Pye and Melvyn W. Jeter 
Department of Mathematics 
University of Southern Mississippi 
Hattiesburg, Mississippi 
Submitted by Richard A. Brualdi 
ABSTRACT 
This paper contains a study of the smallest n-homogeneous, superadditive function 
from the nth order, nonnegative real matrices into the nonnegative reals which agrees 
with the permanent function on each permutation matrix. Several results for this 
function analogous to those for the permanent function are derived, and a particular 
effort is made to determine when it is convex. 
1. INTRODUCTION 
We shall use the following notation. M,, will be the set of nth order, 
nonnegative real matrices, K, will be the set of nth order, doubly stochastic 
matrices, i.e., those matrices of M, which have each row and each column 
sum equal to 1. J,, will be that element of K, which has each entry equal to 
l/n. The principal object of study of this paper is a nonnegative function, 
called T, from M, into the set of real numbers, R. Define T: M,,+R by 
T(X)=sup if: hi”:X > 2 &A, , 
i=l i=l 1 
where {Ai:i=l,2,..., m = n!} is the set of nth order permutation matrices, 
and hi is a nonnegative real number for each i, i = 1,2,. . . , m. It follows 
quickly that for S E K,, T(S) =per(S), where per denotes the permanent 
function, Hence T is 2-homogeneous, superadditive, continuous, and convex 
on K,. In general the functions T and per, although not equal, possess many 
common properties. Some of these properties are developed in the next 
section of this paper. In particular, it will be shown that T is the smallest 
nonnegative, n-homogeneous, superadditive function on M,, into the reals 
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which agrees with per on the permutation matrices. Originally it was 
anticipated that the Van der Waerden conjecture [l] could be resolved by 
showing that T (J,) = n! / nn and T(S) > T (J,,) for each S E K,. Unfortunately 
neither of these conjectures turned out to be true. Brualdi and Newman have 
shown [2] that per [al+ (1 - a)S] < (Y + (1 -- CX) per(S) for each nonnegative 
real number (Y, cr E[O, 13, and for each S E K,, where Z is the nth order 
identity matrix. Using the fact that per (AXB) = per(X) for any X E M” when 
A and B are nth order permutation matrices, it can be shown that the 
inequality holds when any nth order permutation matrix is substituted for I. 
In the final section of this paper, similar questions involving T are studied. 
2. GENERAL PROPERTIES OF T 
Here we list some of the properties of the T function. Some follow readily 
from the definition of T, and when this is the case their proofs are 
suppressed. 
PROPOSITION 1. lf X EM,,, Y EM,,, and a is a nonnegative real number, 
then T(X+ Y)> T(X)+ T(Y) and T(aX)=a”T(X). Moreover, if A is a 
permutation matrix, then T(A) = 1. 
PROPOSITION 2. T is the smallest nonnegative real valued function on 
M,, which is n-homogeneous and superadditive, and which agrees with the 
permanent on each permutation matrix. In particular, T(X) <per(X) 
whenever X E M,,. 
PROPOSITION 3. Zf X= [xii] EM,,, then T(X) < Z;,,$ for each i, i 
=1,2 ,..., n. 
Proof. Let i’ be one of the integers in { 1,2,. . . ,n}. The function on M,, 
which assigns to the matrix X the value 27 I _ 1xi’; is clearly nonnegative, 
n-homogeneous, and superadditive, and assumes the value 1 on each permu- 
tation matrix. Hence the result follows from Proposition 2. Obviously the 
same result holds for the sum of the nth powers of the entries in any column 
of x. n 
PROPOSITION 4. T(J,)= l/n”-‘. 
Proof From Proposition 3, T(J,,) Q n(l/n)“= l/n”-‘. Let P be the nth 
order permutation matrix P = [ Sj + 1, i1. Then J,=IEi_l(l/n)Pk. Thus T(J,,) 
> n(l/n)“= l/n”-‘, by Proposition 1. n 
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It’s well known [3] that if the minimum of the permanent function on K, 
is assumed in the interior of K,, then it must occur at J,. The next result 
shows that the T function does not assume its minimum on K, at J,,. 
PROPOSITION 5. There exists S E K, such that T(S) < T (I,,) for each n, 
n=3, 4, 5 ,... . 
Proof Let 
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It’s clear that S, E K, for each n, n = 3, 4, 5,. . . . The number of nonzero 
diagonals of S,, is 4 (n - 2). This can be seen by observing that the number of 
nonzero diagonals of S, is precisely the value of the permanent of the nth 
order matrix P,,, where P,, is obtained from S, by replacing each nonzero 
entry with a 1. A straightforward argument yields per(P,) =4 +per(P,_ i) for 
each n, n=4, 5, 6,. . . , and from this it follows that per( P,) = 4(n - 2) for 
eachn,n=3,4, 5 ,... . Hence, T (S,) < 4(n - 2)/(2n - 2)” for each n, n = 3, 4, 
5 , . . . , since the smallest element of each nonzero diagonal of S,, is 1/(2n - 2). 
Lastly, 4(n-2)/(2n-2)“< l/n”-‘= T(J,,) for each n, n=3, 4, 5 ,... , n 
PROPOSITION 6. Zf A and B are nth order permutation matrices, X EM,, 
and Y EM,,, then T(AXB)= T(X), T(XY)> T(X)T(Y), and T(Xt)= T(X). 
PROPOSITION 7. Zf X EM,, has a row or column consisting of zeros, then 
T(X)=O. 
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PROPOSITION 8. Zf S E K,, then T(S) < 1. Equality holds if and only if S 
is a permutation matrix. 
Proof, The first part is immediate from Proposition 3. Sufficiency of the 
equality part is by Proposition 1. To show necessity, suppose T(S) = 1 where 
s = [Sii] E K,. By Proposition 3, 1 < C;=,$ for each i, i = 1, 2,. . . ,n. 
Moreover, (XT= rsii)“= 1 for each i, i = 1, 2,. . . , n, since S E K,,, Therefore at 
most one entry in each row can be nonzero. H 
The permanent function is obviously continuous on M,,. It seems reason- 
able to surmise that the same is true of the T function. Toward this end we 
have the following partial result. 
PROPOSITION 9. T is lower semicontinuous on M,, for each n, n =3, 4, 
5 )... . 
Proof. Topologize M,, by considering it as a subspace of R”’ with the 
usual product topology. For X E Mn, let Nx denote an open set containing X. 
Define the nonnegative function f from M, into R by f(X) 
=supinf{T(Y):YENx}, where the supremum is taken over all Nx. It’s 
immediate that f (ax) = a”f (X) w h enever (Y is a nonnegative real number. 
The fact that Nx, + Nx, is an open set containing X, + X, for X, E M,, and 
X, E M,, implies f is superadditive. Also it’s easy to see f(A) = 1 whenever A 
is a permutation matrix. Hence T< f by Proposition 2. However, from the 
definition of f, f Q T. Therefore f = T, which implies T is lower semicon- 
tinuous on M,, [4, p. 4021. n 
One consequence of the lower semicontinuity of T is that T assumes its 
minimum on any compact subset of M,,, such as K,,. The next result is a 
representation theorem for the T function on K,. 
THEOREM 1. Zf S E K,,, then there exists a convex combination of nth 
order permutation matrices CyZIXiAi such that S = ZZy_-,X,A, and T(S) 
=ZY_,XY. 
Proof. Let e be an arbitrary positive real number. First it will be shown 
there is a set {Si :i= 1, 2,..., m} of nonnegative real numbers such that 
S = Z;“= ,aiAi and zy_ i6: > T(S) - e. It follows from the definition of T that 
there is a set {ai:i=l, 2,..., m} of nonnegative real numbers such that 
S > x7_ iaiAi and Zy_ ~cx~” > T(S) - e. Without loss, assume S # Ey_ ,a,Ai, 
ai>0 for i=l, 2,..., q, and ai= for i=q+l, q+2,...,m. It’s easy to show 
that S-~::,1~iA,=(1-~5=I~i)Sk with S,EK, for each k, k=l, 2,...,q. 
Utilizing the Birkhoff theorem, Sg is a convex combination of permutation 
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matrices, say S, = x:fi”= i &A,. Let yi = (1 - IX~= lai) pi and ai = oi + yi for each 
i, i = 1, 2, . . ., m. Then S=C’i”,i&A, and Zy=“,8: > T(S)- E. Thus, for each 
positive integer I, there is a convex combination of permutation matrices, 
Zy=,AiIAi, such that S = Cfi”=ihilAi and ~~=ihi; > T(S) - l/Z. Since each 
sequence {Ai, : 1 = 1, 2, 3,. . . } is bounded, it’s possible to extract a sub- 
sequence {&,} which converges for all i, i= 1, 2,...,m. Let hi =lim,,,,Xi,, 
for each i, i= 1, 2,. .., m. It follows immediately that S = ZyClhiAi and 
Z:_rX;= T(S). n 
Another representation for the T function on .M,, is given by the next 
result. 
PROPOSITION 10. Let S E K,. Then for each X E M,, T(X) 
= sup{X “T (S) + ZZy= ihi” : X > hS + Zy= ihiAi}, where h is a nonnegative real 
number, and the other quantities are as in the definition of T. 
Proof, Let g denote the function defined by the right hand side of the 
above equation. It follows that g is a real valued, nonnegative, n- 
homogeneous, superadditive function on M,, which assumes the value 1 on 
each permutation matrix, Thus g > T by Proposition 2. Using Theorem 1 it is 
possible to show that g(S) < T(S). Hence, g(S) = T(S). Moreover, g is the 
smallest such function with all these properties, Thus g < T, and this implies 
that g = T. n 
3. SOME CONVEXITY INEQUALITIES 
We can conclude from Proposition 5 that T, like the permanent function 
[5], is not convex on K,. 
THEOREM 2. T is not a convex function on K, for any n, n = 3, 4, 5,. +. . 
Proof, The proof is by contradiction. Again let P be the nth order 
permutation matrix given by P= [Si+ J. Then for any S E K,,, J,, = XI= 1 
(l/n) PkS. Thus if T were convex on K,,, it would follow that T (_I,) 
< E;!l(l/n)T(PkS) = T(S), which contradicts Proposition 5. n 
Now let A be an nth order permutation matrix and S E K,. As mentioned 
in the introduction, Brualdi and Newman have shown that per[ti + (1 - o) 
S]<a+(l-cr)per(S) f or each nonnegative real number cr, (Y E [0, 11. We 
conjecture that the same inequality holds for the T function. Proposition 11 
and Theorem 3 are partial results on this conjecture. 
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PROPOSITION 11. Let X=[~]EM, and Y=[Y,,]EM,. If T(X) 
=E;_lxci and T(Y)=2;,, yTjfor the same i’ in {1,2,...,n}, then T[aX+ 
(l-a)Y]<aZ’(X)+(l-a)T(Y)foreach (Y, a~[O,l]. 
Proof, The proof follows immediately from Proposition 3. n 
Proposition 12 gives a necessary and sufficient condition for the hypothe- 
sis of Proposition 11 to hold when the matrices are doubly stochastic. 
PROPOSITION 12. Let S,= [s,J E K,. Then T(S) = Ey_Is{ for some i’ in 
{l,%..., n} if and only if S is a convex combination of permutation matrices 
of the form S = 27= lhiAi where no two of the Ai have a nonzero entry in the 
same position of the i’th row. 
Proof. The result follows from Theorem 1 and Proposition 3. n 
Clearly an analogous result is true for a column rather than a row as 
above. Also a similar result would hold for X EM, whenever X is an 
r-circulant with gcd(n,r) = 1 [6, Lemma 21. 
PROPOSITION 13. lf S = [sill E K,, then T(S) > [l/(n - l)!lfi-‘~~pIs< for 
each i, i=l, 2 ,..., n. 
Proof. By Theorem 1 there exists a convex combination of permutation 
matrices x7_ ,&A, such that S = Ey_I h A and T(S) = Zy_ ,h:. Choose an i’, i i 
i’E{1,2,..., n}, and reindex the hi so that sV1 = E{., J,,, st,s= xi_ r&s,. . . , 
s~,,,=~:_~A,,,, where l=(n-l)!. Then E~;-r?$ > Z(S~,~/Z)“=S</Z”-~ for each 
i,j=1,2 ,..., n. n 
THEOREM 3. Let S E K,, and A be an nth order permutation matrix. lf 
a~[l-l/(n-l)!,l], then T[arA+(l-a)S]<cr+(l-(u)T(S). 
Proof. Without loss, assume srr is the smallest element of the main 
diagonal of S = [sii]. Moreover, assume sll# 1; otherwise S is the nth order 
identity and the inequality is valid for every (Y, (Y E [0, 11. Let 
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where Z is the nth order identity matrix. Then 
A(a)>a+(l-a)T(S)- [a+(l-a)sll]n+(l-a)n~s$ 
i=2 I 
>a+(l-a)T(S)- 
[ 
a+(l-a)s;,+(l-a) i: s;i 
i=2 1 
=(1-a) T(S)-s;;-(l-ay i: s; . 
j=2 1 
Since s,,#l, B=(S-s,,Z)/(l-~,,)EK,, and T(S)-s;,>(l-s,,)“T(B). 
Thus 
(l-s,,)“T(B)-(I-ol)“-l~ s;l . 
i=2 1 
Proposition 13 applied to B yields A(o).> (l-cw){[l/(n-l)!]“-‘- 
(1- ~)“-‘}E~=zs{, and the theorem follows. W 
4. SUMMARY 
Here we list four conjectures, two of which have already been mentioned. 
C0N~EOrunn 1. T is continuous on M,,. 
CONJECTURE 2. If S E ZZ,, and A is an nth order permutation matrix, then 
T[oA+(l-cu)S]<a+(l-a)T(S) f or each nonnegative real number (Y, 
(Y E [O, 11. 
CONJECTURE 3. If S EK,,, then T(S) > k/n” for some real number k, 
k E [l, n). 
CONJECTURE 4. T is not an extremal element of the cone of nonnegative, 
n-homogeneous, superadditive functions on M,,. 
It follows from Marcus and Ree’s paper [7, Theorem 21 that T(S) > 4”/ 
[n(n+2)]” if n is even and T(S)>4”/(n+1)2” if n is odd, whenever S EK,. 
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If better lower bounds were obtainable along the lines of Conjecture 3, then 
those lower bounds would yield a lower bound on the permanent function 
which would compare favorably with [S, Corollary 261. The lower bound 
could not be as good as that in [8], however (see our Proposition 5). 
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